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C^h! Abstract 
D 

C/3 ■ This paper investigates dividend optimization of an insurance corporation under a 

OQ ! more realistic model which takes into consideration refinancing or capital injections. The 

model follows the compound Poisson framework with credit interest for positive reserve, 
and debit interest for negative reserve. Ruin occurs when the reserve drops below the 
critical value. The company controls the dividend pay-out dynamically with the objective 
to maximize the expected total discounted dividends until ruin. We show that that the 
optimal strategy is a band strategy and it is optimal to pay no dividends when the reserve 
43 | is negative. 
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1 Introduction 

<N 

Dividend optimization problems for financial and insurance corporations have attracted ex- 
tensive attention over the last few decades. One of this type of problems is to find the optimal 
dividend pay-out scheme, i.e. choosing the times and amounts of dividend payments to max- 
imize the objective function - the expected total discounted dividend pay-outs until the time 
of ruin. 

5-h ■ 

In the area of non-life insurance, a well established model for the cash reserve is the 
Cramer-Lundberg model (also called the compound Poisson model o r the classical risk model) 



which is based on Poisson claim-arrivals and linear premium income. lEmbrechts and Schmidli 



(jl994T ) claimed that "many of the 'rules of thumb' used in practice can be traced back 



to the classical Cramer-Lundberg model". However, starting from the middle of 1990's, 
a large number of papers dealing with optimization problems for insurance companies, use 
the diffusion process - a limiting pro cess of the Cramer-Lundberg model, to model the reserve 
in the abse nce of th e dividends, e.g. Ijeanblanc-Picaue and Shirvae"vl (flB . ICadenillas et al 



(|200fih and IPaulsenl (j2007h . Diffusion process modeling of the reserve process allows the use 
of optimal diffusion control techniques and is therefore more mathemati cally tr a ctable . A 
survey of optimal dividend control for diffusion processes can be found in iTaksar 
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There have been a fe w attempts to study the dividend optimization problem under the 
Cramer-Lundberg model. Gerber ( 19691 ) considered the dividends optimization problem for a 
classical Cramer-Lundbe rg model and proved that the corresponding optimal dividend strat- 



egy is a band strategy. lAzcue and Mulerl (|2005l ) considered the Cramer-Lundberg model 



with reinsurance and dividend payments and proved the optimal dividend payment pol- 
icy maximizing the expected tot al discounted dividend pay-outs is also a band strategy. 
Albrecher and Thonhauser ( 20081 ) studied the dividend optimization problem in the Cramer- 



Lundberg setting including constant force of intere s t and pointed out that the optimal strat- 
egy is also of band type. Kulenko and Schmidli (|2008l ) found that the optimal dividend 
strategy for the Cramer-Lundberg model with capital inject ions is a barrie r strategy. For 
applications of stochastic control in insurance, please refer to Schmidli ( 20081 ) and references 
therein. A list of liter ature on dividend optimizat i on pr oblems under the Cramer-Lundberg 
model can be found in Albrecher and Thonhauser ( 20091 ) . For a review of dividend strategies 
in the actuarial literature, see Avanzil (|2009l ). 

There has been extensive work dedicated to the generalization of the classical risk model to 
suit more realistic situations. One way of generalization is to allow the company to refinance 
when t he co mpany is in deficit and the deficit is not too large. The idea was developed by 
Borchl (jl969h . where he proposed that ruin (negative reserve) does not mean the end of game 



but only the necessity of raising additional money. He argued that "insurance companies get 
into difficulties fairly regularly and rescue operations are considered in the insurance world, 
if not daily, at least annually" and that it will be a good investment to rescue a company 
when the situation is not too serious, and concluded that a company should be rescued if the 
benefits exceed the cost of the new financing required, e.g. when the deficit is not too large. 
Since then the "absolute ruin model" has been developed, where the company is allowed to 
borrow money to settle the claims if the reserve is negative but still above the critical level so 
that it can continue its business. The company will need to pay interest (debit interest) on the 
loan and pay back debt interest continuously from the received premiums. The critical level 
is the value of reserve below which the premiums received are insufficient to cover interest 
payments on the debt. Absolute ruin occurs when the reserve reaches or drops below the 
critical level for the first time. 

The absolute ruin problem has received considerable atte ntion. iGerberi (119711) stud i ed the 
absolute ruin probability in the compound Poisson model. lEmbrechts and Schmidlil ()1994l ) 
considered the a bsolute ruin probability when the res erve process is a piecewise-deterministic 
Markov process. iDickson and Egidio dos Reis (1997) used simulation to study the Cramer- 
Lundberg model with absolute ruin. Cai et al. (2006) studied an Ornstein-Uhlenbeck type 
model with credit and debit interest. Cai (12007) discussed the G erber-Shiu function in the 



classical risk model with absolute ruin. iGerber and Yana (|2007l ) investigated the absolute 



ruin probability base d on the classical risk model perturbed by diffusion with investment. 
Zhu and Yang ( 20081 ) studied the asymptotic behavior of the absolute ruin probability in the 
Cramer-Lundberg model with credit and debit interest. Some other related references are 



Yuen et al.1 ()2008h and lWang and YirJ (|2009h . 



In this paper, we consider the dividend optimization under the the compound Poisson 
model with credit interest for positive reserve, and debit interest for negative reserve. The 
paper is organized as follows. Section 2 presents the model and formulates the dividend 
optimization problem. In section 3, we derive some basic and important properties of the value 
function, and characterize the value function as the unique nonnegative and nondecreasing 
viscosity super-solution of the associated Hamilton-Jacobi-Bellman equation that satisfies a 
linear growth condition and a boundary condition. In section 4, we prove the existence of 
the optimal dividend strategy and identify the optimal dividend payout scheme as a band 
strategy. It is shown that the optimal strategy is to pay no dividends when the reserve is 
negative. A conclusion is provided in section 5. 
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2 The model and the optimization problem 



Consider a continuous time model for the surplus of an insurance company where claims arrive 
according to a Poisson process with intensity rate A and premiums are collected continuously 
at the rate p. The amount of each claim is independent of its arrival time, and is also 
independent of any other claims. Let Si denote the arrival epoch of the ith claim and Ui 
its size. Let N{t) = : Si < t}. Then N(t) is the number of claims up to time t 
and follows a Poisson process with rate A. The sequence {Ui} is assumed to be identically 
and independently distributed with distribution function F(-) and independent of {N(t)}. 
Moreover, the insurance company earns credit interest under a constant force r (r > 0) when 
the surplus is positive, and when the surplus drops below 0, the insurer could borrow money 
with the amount equal to the deficit under force of debit interest a > r. In the mean time, the 
insurer will repay the debts and the debt interest continuously from the premium incomes. 
This leads to the following dynamics for the risk reserve process {X t }t>o in the absence of 
dividend payments: 

dX t = {p + rX t _I{X t _ > 0} + aX t _I{X t _ < 0})dt - dY t , 

where X t represents the surplus at time t and Y t = Yli^i Ui is the aggregate claim up to 
time t. 

Now suppose the company pays dividends to its shareholders with the accumulative 
amount of dividends paid up to time t being denoted by L t . Let R t denote the controlled 
reserve at time t. Then 

_ _ ( N{t) \ 

di?f = (p + rR L t _l{R L t _ > 0} + aR L t _I{R L t _ < 0})dt - d UA - dL t . (2.1) 

The company controls dynamically the dividend pay-outs: the times and the amounts of 
dividends to be paid out. A control strategy is described by a dividend distribution process 
L = {L t } t > . 

Notice from the above dynamics that the premium incomes will no longer be able to cover 
the debts when the surplus is less than or equal to — — . That is, the surplus process will not 
be able to return to a positive amount whenever the process hits — ^ or any level below that. 

We call — ^ the critical value and define the time of ruin as T L = mf{t > : r\ < — £}. 
The time of ruin defined above is also called the time of absolute ruin in the sense that the 
surplus will no longer be able to return to a positive level. 

All our random quantities are defined on the complete probability space P). Let 

Af denote the class of null sets in $1 and define Ft = <r(A 7 'o, Y 8 , < s < t) \J M. Throughout 
the paper, we base our study on the filtered probability space (17, J 7 , {^}t>o, P)- 

A control strategy is admissible if the process {Lt}t>o with Lq = 0, is predictable, nonde- 
creasing, left continuous with right limits (caglad) and satisfies the requirement that paying 
dividends would not cause ruin immediately. We use II to denote the set of all admissible 
strategies. 

Define E x [ ■ ] = E[ • \Rq = x\. Let 8 be the force of discount with 8 > r. Given the initial 
reserve x, the performance of a dividend strategy L is measured by the expectation of the 
cumulative discounted dividends until ruin, i.e. 

(2.2) 

The integral here is interpreted path- wise in a Lebesgue-Stieltjes sense. The function Vl(x) 
is called the return function. Obviously, Vl(x) = for x < — ^. 



V L {x) = E a 



ML, 
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The objective of the company is to find an optimal dividend payout scheme L in the set 
of admissible strategies II such that the expectation of total discounted dividend pay-outs 
until the time of ruin is maximized. 

Define the value function (also called the optimal return function) by V{x) = sup ien Vl(x) 
If there exists a control strategy L* such that V(x) = Vl*(x), then L* is called the optimal 
dividend distribution process (the optimal dividend strategy). 

It can be seen that T L is a stopping time. In the paper, we will consider the stopped 
process R\ = R.fl{t < T L } - gl{t > T L }. 

To simplify the notation we will omit the superscripts L in T L and R L . 

Since the reserve process in the absence of the control variable is a Markov process, the 
problem here is the optimization problem for a controlled Markov process. As the cumulative 
dividend process L may not be continuous with respect to time, the optimization problem 
is a singular control problem. In the context of stochastic control theory, the optimization 
problem can be associated with a Hamilton-Jacobi-Bellman (HJB) equation derived by us- 
ing the Dynamic Programming Principle. In this case, the HJB equation is a first-order 
integro-differential equation. However, the differentiability of the value function is a ques- 
tion. Actually, even under a specifically predetermined dividend strategy, the differentiability 
of the corresponding return function can not be guaranteed. It was shown in IZhu and Yang 
(|2009h i;hat the differentiability of the return function under a barrier or threshold dividend 
strategy depends on the level of smoothness of the claim size distributions. In this paper, we 
show that the value function is absolutely continuous but may not be differentiable. So we 
resort to the concept of viscosity solutions. 

Based on techniques of probability and Stochastic Control theory, we show that the 
value function is a viscosity solution of the associated HJB equation and it is the unique 
solution satisfying certain regularity and boundary conditions. We also prove that the optimal 
dividend payment strategy exists and is of a band type, an and that it is optimal to pay no 
dividends at all when the surplus is negative. Proofs of some lemmas and theorems are 
relegated to the appendix. 



3 The value function 

In this section, we derive some analytical properties of the value function V(x). We show 
that V(x) is not necessarily differentiable everywhere, but almost everywhere, and that the 
value function is the viscosity solution to the associated HJB equation but not necessarily 
the classical solution. It will also be proven that the value function is the unique solution 
satisfying certain conditions. 

Theorem 3.1 Ifr<5, V(x) >x + ^forx(£R, and V(x) < ^±2 + ^forx>0. 

Proof. To prove the lower bound, consider a dividend payout scheme such that the part of 
initial reserve in excess of the critical value — £ is paid out immediately as dividends. Then 
ruin occurs immediately. In this case, the return function given the initial reserve x, is x + —. 
So the optimal return function V(x) is always greater than or equal to x + g. 

From (|2,ip we can see that given that the initial reserve is nonnegative, the inequality 
dRt < (p + rR t -)dt holds. As a result, given Ro = x we have Rt < ~ (e rt (p + rx) — p) for 
x > 0. Hence, by integration by parts, Lt < Rt + — for any L 6 II and the definition (|2.2p 

we can obtain V L {x) = E x \ J Q T e^dL J < E x [ / °° 5L s e- Ss ds] = + f for x > 0. □ 
Define 

t (x,y) = <|Mog(to) + ilog(-^-) y>0 >*>-£. (3.3) 



y+p 



1 log(^S) 0>y>*> 
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The quantity to(x,y) is equivalent to the time it takes for the surplus process with initial 
value x to reach y (y > x) for the first time given that there are no claims and no dividends 
paid out. 

Theorem 3.2 The value function V satisfies the following inequalities 



y-x< V(y) - V(x) < V(x) < 



(fSf)^-l) V>x>0 

y>*>*>-l 

ax+p ' 



(S^)--l 0>y>x>-£ 



Proof. (i) We first prove the lower bound. For any e > 0, let L t (x) denote an admissible 
e-optimal strategy given the initial reserve x, i.e. VLe(x)i x ) — V(x) — e. 

For y > x > — £ given the initial reserve Rq = y we use L(y, x) to denote a strategy that 
pays an amount y — x as dividends immediately and then pays dividends according to the 
strategy L e (x). Then given the initial reserve Rq = y > x, under the strategy L(y, x) we have 
V L ( y ,x)(y) = y-x + V Le(x) (x). So for any e > 0, V(y) > y - x + V Lt{ . x) {x) > y-x + V(x) - e. 
Consequently, V(y) — V{x) > y — x. 

(ii) Now, we proceed to prove the upper bounds. For y > x > — ^, for the surplus process 
with initial reserve x, let r(x,y) denote the time it will take for the surplus process to reach 
up to y for the first time, and define the strategy L(x, y) as follows: 

• pay out no dividends until the reserve reaches y, 

• then at the moment that the reserve reaches y for the first time (r(x,y)), treat the 
reserve process as a new process that starts at this moment with initial capital y, and 
apply the strategy L e (y), i.e. 8 T ( x ^L(x,y) = L e (y). 

Note that starting from the initial value x > — — , ruin will not occur before the arrival of 
the first claim (Si), and the reserve will reach y {y > x) at time to(x,y) if no claims arrive 
before time to(x,y), that is r(x,y) = to(x,y) on {S\ > to(x,y)}. Then for y > x > — ^ and 
for e > 0, by noticing that V^ e ^{y) > V(y) — e we have 

V(x) > V£ (!Bil/) (x)=E !e [e-^ !B *V L . (w) (y);r(x,y)<2l 

> Ex [e- ST ^V Leiy) (y);S 1 > t Q (x,y)] > e~^ to ^ (V(y) - e). 

Hence, V(y) — V(x) < V(x)(e ( - x+ ^ to( - x ' yS) — 1). This combined with (|3.3|) gives the upper 
bounds. □ 



Theorem 3.3 The value function V(x) is nonnegative, nondecreasing, continuous on [— ^, oo) 
and locally Lipschitz continuous on (— — ,co). Therefore, V'(x) exists almost everywhere on 
(— ^,oo). Furthermore, V'(x) > 1, ifV'(x) exists. 

Proof. All the stated properties of V(x) are direct results of Theorem 13.11 and Theorem 
13.21 except for the right continuity of V(x) at x = — 

To prove the right continuity, it is sufficient to show that limsup x i_p V{x) = 0. If this is 
not true, then we can find a sequence {x n } with x n \, — ^ such that limj^oo V(x n ) > 0, that 
is, there exists an eo > and N such that V(x n ) > eo for all n > N. Let L^ x '^ denote a 
optimal strategy for the reserve process with initial reserve x, that is, V^ x ^_ ) (x) > V(x) — ^. 
Then, we have 

V»,|) M ^ V ( x n) ~ f > | f °r n > N. (3.4) 
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Consider a stochastic process {R' t } with dynamics dR' t = (p + rR' t I{R' t > 0} + aR' t I{R' t < 
0})dt. Given R' = x, integration yields 



R't<< 



e (p + rx) 



x > 



i (e at (p + ax) -p) x < 0,t < t (x,0) . 
k I ( e r(t-to(*,0)) p _ p j x < o, t > t (x, 0) 



(3.5) 



Note that R t < R' t given that R = R' > Using the fact that L t < R t + ^ < R' t + ^ 
and ()3.5p . by integration by parts it follows from (|2.2p that for x € (— ^, 0) 



V L (x) < E x [l 8L s e- Ss ds] 



< 5 



o 

t (x,0) 1 







— (e os (p + ax) - p) e" 
a 



5 ds 



+5 



1 



e r(s-t (x,0)) p 



p)e- 5s ds + -. 

a 



't (x,0) r 

Notice that the expression on the right-hand side of (|3.6p has limit as x i 



(3.6) 



^ and does not 

a 

depend on L. So we can find an N' such that for all n > N', VL(x n ) < ^ holds for all admis- 
sible strategy L. Therefore, setting L to be L^ Xn ^ gives V L(xn ^ ) (x n ) < for all n > N', 
which is a contradiction to (|3.4p . Hence, the value function V(x) is right continuous at — — . □ 



Ap plying stanaara arguments irom stocn astic control tneory ( e.g. Fleming and soner 
(1993)) or an approach similar to that in lAzcue and Mulerl (|2005l ) , we can show that the 
optimal value function fulfils the Dynamic Programming Principle: 



V(x) = sup 
Len 



-AT 



e~ Ss dL s + e 



-6(tAT) 



V(R tAT ) 



for any stopping time r, 



and the associated Hamilton-Jacobi-Bellman (HJB) equation is 

max{l - V'(x), C v {x)} = 0, 
where C is a generator defined by 



(3.7) 



C v (x) = (p + rxl{x > 0} + axl{x < 0}) V'(x) 

rx+2- 

— (A + 8)V(x) + A / " V(x - u)dF(u) 
Jo 



(3.8) 



Although from the last section we know that V'(x) exists almost everywhere, we have 
no guarantee that V(x) is differentiable for all x > ——. Therefore, we can not expect 
V{x) to be a classical solution to the HJB equation. In the following we will show that the 
value function V(x) is a viscosity solution to the HJB equation (|3.7|) . and that V(x) is the 
unique nonnegative, nondecreasing and locally Lipschitz continuous viscosity solution of (|3.7p 
satisfying a linear growth condition and the boundary condition V(— — ) = 0. 

Definition 3.1 (i) A continuous function u : [— ^,oo) — > K is said to be a viscosity sub- 
solution of (|3.7p on (— — ,oo) if for any x € (— ^,oo) each continuously differentiable function 
cj) : (— oo) — > M. with 4>(x) = u(x) such that u — (j) reaches the maximum at x satisfies 

max{l — 4>'(x), C^x)} > 0. 



(ii) A continuous function u : [— ^, oo) — >• M is said to be a viscosity super- solution of (|3.7p on 
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(— — , oo) if for any x £ (—^,00) each continuously differentiable function (ft : (—^,00) — > M 
wit/i = ^(x) suc/i i/iai u — (ft reaches the minimum at x satisfies 

max{l — (ft'(x), C^{x)} < 0. 

(Hi) A continuous function u : [—^,00) — >• K is a viscosity solution of (|3.7|) on (—^,00) if it 
is both a viscosity sub-solution and a viscosity super- solution on (— — ,00). 

For any continuously differentiable function (ft and any continuous function v, define an 
operator C v ^(x) = (p + rxljx > 0| + ax l\x < 0|) (ft' ( x) — (\ +5)v(x)+\ J Q a v(x—u)dF(u). 
As has been shown in (jSavahl (|l99lh and lBenth etaD J200l|)), the definition of viscosity sub 
and super solutions has the following alternative version. 

Definition 3.2 (i) A continuous function u : [— — ,00) — > M is said to be a viscosity sub- 
solution of (|3,7|) on (—^,00) if for any x € (—^,00) each continuously differentiable function 
(ft : (— 00) — > E with (ft(x) = u(x) such that u — (ft reaches the maximum at x satisfies 

max{l - (ft\x),£u,<f>( x )} ^ °- 



(ii) A continuous function u : [—^,00) — > IR is said to be a viscosity super-solution of ([37 
on ( — ^,00) if for any ( — ^,00) each continuously differentiable function (ft : (—^,00 
with (ft(x) = u(x) such that u — (ft reaches the minimum at x satisfies 

max{l - (ft'(x),Cu,(f,(x)} < 0. 



Th e foll owing remarks are sta ndard in the context of viscosity theory (eg lCapuzzo-Dolcetta and Lions 
(1990) and ICrandall et al. which will be useful in the proof of our main results. 

Remark 3.1 (i) For any viscosity sub-solution u on (—^,00), there exists a continuously 
differentiable function (ft : (— £ 00) — > IR such that u — (ft reaches a maximum at x > — ^ with 
(ft'(x) = q if and only if 

,. . f u(y)-u(x). y u(y)-u(x) 
hm mf > q > hm sup ■ 



y\* y-x yi x y-x 

(ii) For any viscosity super-solution u on ( — ^,00), there exists a continuously differentiable 
function (ft : (— ^ 00) — > IR such that u — (ft reaches a minimum at x > — — with (ft'{x) = q if 
and only if 

,. u{y)-u{x) u{y)-u{x) 
hm mf > q > hm sup ■ 



yix y - x y ^ x y-x 

For any t > 0, define a functional Mt by 

MM) = Yl (<ft(Rs)-HR s -))e- Ss 

s<t,R s -^R s 

f't f'OO 

-A / e~ 5s ds / (<ft(R s „ -y)- (ft(R s .)) dF(y). (3.9) 



Then {M.t{<ft)} is a local martingale. If (ft(-) is bounded by a linear function, then M.t{(ft) 1S 
bounded below and therefore a super-martingale by applying Fatou's Lemma. 

Consider any nonnegative and nondecreasing function (ft and any stopping time r such 
that <ft'(Rt) exists for all t < r and 

(ft'{R t ) > 1 for all t < t. (3.10) 
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dt 

-st 



Let {Lf\ denote the continuous part of {Lt}. It can be seen that 

4>(R T )e- 5r - <f>(Ro) = J\^(R t )e- 5t " 

= [ T 4>'{Rt)e- 5t &R t - 5 [ T 4>{Rt)e- 5t dt 
Jo Jo 

= [ <f>'(R t )e- 5t (p + rR t I{R t > 0} + aR t I{R t < 0}) . 
Jo 

- [ T <j>'(Rt)e- St dL c t + Yl (^(^) " <H^-)K 

J ° t<r,Rt-^Rt 

+ Y (<^+) " W)) e ~ 5 * " 8 f 4>(Rt)e- 5t dt, (3.11) 

where the last equality follows from the fact that Lt is left-continuous and nondecreasing. 
Since Rt ^ Rt+ only occurs at the jumps of L t and L t is left-continuous in t, then R t + — Rt = 
-(L t+ - L t ) and 

Y WRt+) - 4>(Rt))e~ st = - Y e ~ St [ L + ^ M 1 ** ~ n ) dn - ( 3 - 12 ) 

t<T,R t ^R t+ t<T,Rt^R t+ ^° 

Then by (13TT2D and (fXTOl) we have 

[<j>(Rt + ) - 0(i? t ))e- 5f 

t<T,R t ^Rt+ 



- f T ct ) '(R t )e- St dL c t + Y (<^+) " ^ R ^ e ~ 
t<T,R t ^Rt+ 

< -J\- st dL c t - y e ~ st {J Q Lt+ ~ Lt du ) 



t<T,R t ^Rt+ 

-St, 







e- M dL t . (3.13) 
Using dSSJ, (|32J), (I3TT]1 and (^T3l) and noting that <p(x) > for x < we have 



(j){R T )e- Sr - <j)(R 







< [ 4>'{R t -)e- St (p + rR t -I{R t - > 0} + aR t -I{R t - < 0}) dt 
Jo 

f'T f'T /"OO 

- e- St dL t +M T ((f>) + \ e~ 5t dt (0(1^ - u) - 4>{Rt-)) dF(u) 
Jo Jo Jo 

-6 [ 4>(R t )e- St dt 
Jo 

= I" C^{R t -)e- 5t dt- I" e- 5t dL t + M T {<P). (3.14) 
Jo Jo 

In the next theorem, we show that the value function V is a viscosity solution of the HJB 
equation (|3,7p . 

Theorem 3.4 (i) V(x) is a viscosity solution of (|3,7p on (— ^,+oo). 

(ii) Define Dy(x,h n ) = v ( x+h ™^ v ^ _ If for some {h n } with h n > for all n or h n < for 
all n and linin^oo h n = 0, lim n _ ) . 00 Dy(x, h n ) exists, then 

max {l — lim Dy{x, h n ), lim Dy(x, h n )(p + rxl{x > 0} + axl{x < 0}) 

L ri— >oo n— >co 

-(X + S)V(x)+ " V(x-y)dF(y)} < 0. (3.15) 
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Proof. We em ploy a standard tec h nique in the controlled Markov pro cess theory, which has 
also been used in iBenth et all (bOQlh . lAlbrecher and Thonhauserl (l2008h and lAzcue and Mulerl 

First, we show that V(x) is a viscosity super-solution of the HJB equation (|3.7p on 
(— — , +00). For any fixed x € (— — , 00). Let eft be a continuously differentiable function with 
4>(x) = V(x) and V — (j) attaining a minimum at x. For any h > 0, define 



a(x, I, h) 



xe rh + (p-l) j£ e r{ - h -^ds, x > and I > or x = and < I < p, 
xe ah + {p — I) Jq e a( - h ~ s ^ds, — ^ < x < and / > or x = and I > p. 



For any I > 0, choose an h small enough such that a(x,l,h) € (— ^>0) U (0, 00). Consider 
a dividend strategy L' that the insurer pays out dividends continuously at rate I until time 
5*i Ah. Then under the strategy L', ruin will not occur before the earlier of the arrival time of 
the first claim Si and time h. Notice that given the initial reserve Ro = x, under the strategy 
V we have Rt = a(x,l,t) for t < S\ A h and Rs 1 = (a(x,l,S\) — U\) V (— on {S\ < h}. 
By the Dynamic Programme Principle, distinguishing two cases S\ > h and S± < h and then 
conditioning on S\ we have 



V{x) 



> 



sup E 2 
Len 

-Xh 



+ 



/•SiAh 

/ e- 5s dL s + e- 5 ( s ^V(R SlAh ) 
Jo 



Ae~ A *dt 



Ze^ds + e 



V 



(a(x,l,t) -u) dF(n)}.(3.16) 



By subtracting V(x) from the last inequality and noting that V(x) = 4>{x) and V(a(x, I, h)) > 
4>(a(x, I, h)), we obtain 



> -e- Xh (l 



-Sh 



Xe- Xt dt 



le- ds ds 



h ra(x,l,t) + 2 - 

+ 1 \e- {x+s)t dt I " V (a(x,l,t) -u)dF(u). 



V(a; - u)dF(u) 



Dividing by /i > and then letting h J, yields 



> Z(l-0'(x))-(A + <5)V(a;) + A 



(3.17) 



+ (rx/{x > 0} U {x = 0, 1 < p} + axl{x < 0} U {x = 0, 1 > p} + p) <p\x). 

Letting I = shows (p + rx/{x > 0} + ax/{x < 0})<p'(x) - (A + <S)V(:c) + A J a V(x - 
u)dF(u) < 0, and letting I be large enough indicates (f>'(x) > 1. 

Next, we will show that V(x) is a viscosity sub-solution of (|3.7|) on (—^,+00). To this 
end, we employ the proof by contradiction. Assume that V is not a viscosity sub-solution of 
(|3.7p at some point x. Then we can find a constant rj > and a continuously differentiable 
function V'o with ipo(x) = V(x), ipo(y) > V(y) for all y and 



max{l - ip' Q (x), -£^ (x)} < -2rj. 



(3.18) 



Define 



x-y 



(3.19) 
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Then i/jiiu) 1S continuously differentiable with tpi(x) = ipo{x) = V(x) and i/j'i( x ) = V ; o( x )j an d 
by (J33J and $3M we have \C^{x) = \C^(x) + rj (-^zf dF(u) < -2 V + ij = -rj, 

which along with the fact that tpi is nonnegative and continuously differentiable, and (x) 
is continuous, indicates that there exists an h > such that 

max{l - < ~\ for V G [x-2h,x + 2h\. (3.20) 

Let k be an continuously differentiable and nonnegative function with support included 
in (—1, 1) such that j\ k(s)ds = 1. Define a function v n (y) : M. — > [0, oo) as the convolution 



v n (y) 



',■2 



and another function v : R [0, oo) by = V(y) + 2(g ^ 2 j. ^ ■ Since V(y - ~ ) + 2{x %Py2 

is continuous with respect to (y, s) on [— ^,x + h;— 1,1], then we conclude that v n (y) is 
continuous on [—^,x + h]. Moreover, v n (y) is a monotone sequence and by the dominated 
convergence theorem, it converges to v(y). Therefore, it follows by Dini's theorem that 
v n(y) v(y) uniformly on [— — ,x + h]. Hence, there exists an no such that for all y E 
[-£,* + h], 

V (V) + {x V + %y > vn (y) > V(y) + 4(x ^ )2 - (3.21) 

Define f no (y, s) = (v(y - ^) + ^^Ey ) I* can be seen that / no (y, s) is continuous 
on [— £ x+/t; —1, 1]. Let D = {y : V(y) is differentiable} andno(y— -D) = {no(y— s) : s E D}. 
As V is differentiable almost everywhere, the complement of D is a null set. Noting that 
^fn (y>s) = $;V(y-^)k(s) on [-%,x + h] x n (y - D) and that V'(y), if exists, is greater 
than or equal to 1, it follows that for y E [—^,x + h], 

v' no (y) = j ^-f no (y,s)ds > f k(s)ds = 1. (3.22) 

■J-l<s<l, s€n (y-D) °y J -1 

Construct a continuously differentiable function oo : R — > [0, 1] such that uo(y) = 1 for y E 
[x — /i, x + h], oj{y) = for y E (— oo, x — 2/i) U (x + 2/i, oo), and u/(y) > for y E [x — 2/i, x — h]. 
Consider a function ^ defined by 

if>(y) = u(y)My) + (1 " w(y)) % (y). (3.23) 

Obviously, ^(a) = ^i(x) = V(x). Noting that Vo > V, it follows by (|3TT5|) . (I3T2U|) . (f3T2TD . 
(I3T22D and (ET23D that 

V^'(y) > a;(y)(l + |)+a;'(y)(^i(y)-^o(y)) + (l-w(y)) 

^ 1 + u 'M {x ((x ~ y)2 ~ fe2) - 1 for y£ [ ~«> x ~ ^ ] ■ (3 - 24) 

The last inequality follows by noticing oj'{y) > and (x — y) 2 — h? > when — — < y < x — h. 
By (|3.19p and (|3.2ip . using the fact that that V < tpo we obtain that for — £ < y— u < x+/i 

and /i E (0, ^), v no (y - u) - ipi(y - u) < V ~ V ( ^ff ) < 4' which alon S with the 

definitions for £ in (|3.8p and ip in (j3.23p . and the fact that ip = ipi on [x — h,x + h] indicates 
that for y E [x — h, x + h], 

C^{y) = C lPl (y) + X (1 - u)(y - u)) (v no (y - u) -fa(y -u))dF(u) 

J y—x+h 

< £ lPl (y) + ^. (3.25) 
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Write A = 1 + |. For any positive 



£ - min{ 12(x + 2g)2 '8(^T) } ' ^ 
it follows by (ET2T)J) and (|3T25l) that 

\^{y) < -- < -2(A - l)e for y G [x - /i, a; + h]. (3.27) 
A 4 

From the definitions (|3.23p and (|3.19[) for tp and -01) respectively, by noting < w(y) < 1 
and using (|3,2ip it follows that for any y satisfying \y — x\ > h, we have 

m > u{y)\My) + ri{^ ¥ \\+{i-u(y))(v{y)+ '' lr 



x + 2l) ) " ^ 4(x + 2^ 

> V(y) + 3e, (3.28) 

where the last inequality follows by the fact ipo > V and f|3.26|) . 

From the definition (|3.23p for the function ip, and the fact that all the functions ip, ui and 
v no are continuously differentiable, we can see that is continuous. Therefore, there exist 
a constant K > such that 

jC^(y)<K farye[-Z x + h]. (3.29) 



For any fixed a with 



1, x + 



p _ h' 



0<.< mm |_, n ^,^„^^_|_Aj|. (3.30) 

define r = inf{i > : R t > x + h}, r = inf{t > : R t < x - h}, and r* = r A (r + a). By 
(g^SD we have 

V{R T *) < ^(R T *) - 3e on {oo : \R T * - x\ > h}. (3.31) 

Note that Rf = x + h, as the surplus process has only downward jumps. Then given the 
initial reserve Ro = x, we have on the set {w : \R T * — x\ < h}, 

x + h> R T * = R z+a > x - h> R z = Rtat- (3.32) 

Then it follows by Mi]) . (|332l and noticing that R t+rT < R t e ar7 + ^(e aa - 1) from the 
dynamics (|2.ip . that given Rq = x, 

R T , = R T+a < R T e aa + ^(e au - 1) < (x - h + ^)e aa - ^ < x - - on {u : \R T * - x\ < h}, 
~ a a a 2 

which implies that given Rq = x, R T *—x < — | on {oj : \R T *—x\ < h}. Hence, (x—R T *) 2 > K- 
on the set {u : \R T * — x\ < h}. Using this and noticing that ipo > V and that from (|3.26|) we 
have (x+ 2£)2 > 7^, by the definitions (13T9]) and (I3T23D . we can show that given the initial 

value R = x, -ip(R T *) = ^o{R T *) + rj (^fe) > V(R T *) + 3e on {a; : \R T * - x\ < h}. This 



x+2 

along with (|3.31|) shows 

V(R T «) < ip{R T *) ~ 3e given R = x. (3.33) 

Note that from (f3T24"P we have ip'(Rt) > 1 for R t G [~^,x - h] and that from (pOOj) and 
(13331) we have tp'(R t ) = V4(#t) > 1 for [x-h,x + h]. Then by noticing that R t G [-%,x + h] 
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for t G [0,r*], we conclude that ip'(Rt) > 1 for t G [0, r*]. Then by setting and r in (|3.14|) 
to be ip and r*, respectively, we have 



4>(R T *)e- 5r * -*1>(Rq) < [ T Cp(R t -)e- 5t dt - f e~ 5t dL t + 

Jo Jo 



AMVO- (3-34) 



Note that given Rq = x, we have Rt- G [x — /i, + for i G [0,rAr] and Rt- G [— — 
for t G [r A r, r*]. From (1X271) and (^29]) . it follows that 

/ T C^(R t .)e" 5t dt = [ TAZ C 4 ,(R t -)e~ St dt+ f C^{R t ^)e- 5t dt 

JO Jo JtAt 

< -(A-l)2eX / ~e~ St dt + XK [ e~ St dt 

Jo Jtat 

= -{A-l)2e\( e~ 5t dt + A((A - l)2e + K) I e~ St dt 

Jo JtAt 

< -(A-l)2e\ [ e~ 5t dt + X((A-l)2e + K)a 

Jo 

< -(A-l)2e\ [ e' st dt + e, (3.35) 

Jo 

where the second last inequality follows by noticing r* — f A r < a and the last inequality 
follows by (1330]) . 

Given the initial reserve Rq = x, it follows from (|3.33p . (|3.34|) and (|3.35|) that 

V(Rr*)e- 5T * < ip(R T *)e~ ST * -2eeT ir * 

= (iP(R T * )e' 5r * - tP(x)) + (ip(x) - 2ee- 8r * ) 

< -(A-l)2eX [ e- st dt- I e - Ss dL t + M T * ty) 
Jo Jo 

+(ij>(x) -2ee~ &T ") + e. (3.36) 
As J T * e~ 5s ds = kz ^ Z ~ and A = 1 + ~, from (I3T36]) we obtain 

V(Rr* )e~ &T * + [ e~ Ss dL t < M T * (iji) + V(x) - e. (3.37) 
Jo 

Noting that J\At{ip) is a super-martingale with zero-expectation, we have E[.M T * (?/>)] < 0. 
As a result, taking conditional expectation on (|3.37|) yields V(x) = sup L€n [ J Q T e~ Ss dL t + 
V(R T *)e~ &T *} < il)(x) — e, which contradicts the fact V{x) = ip(x). 
(ii) By Theorem 13. 2\ it follows that for any h n with lm^^oo h n = 0, 

lim D v (x,h n ) > 1. (3.38) 

Consider a sequence h' n with h' n | as n — > oo such that limn-j.oo KMgA^nlhiKigi) exists. 
Following the same lines as in the proof for (i), it can be shown that (|3.17p also holds when h 
and </>(•) there being replaced by h' n and V(-), respectively. Dividing both sides of the newly 
obtained inequality by h' n and then letting n — > oo yields for I > 0, 

> 1(1 - lim Dy(x, a(x, I, h') - x)) - (A + 5)V(x) + A / " V(x - u)dF(u) + \p + 

rwoo J Q 

(rl{x > 0} U {x = 0, 1 < p} + al{x < 0} U {x = 0, / > p})x] lim LV(z, I, h! n ) - x). 
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By letting I = we have 



(p + rx/{a; > 0} + ax({x < 0}) lim Dy(x, a(x, 0, O - x) - (A + <J)V(a;) 

n— >oo 

+A / " V(x - u)dF(u) < 0. (3.39) 



o 



For any {h n } with h n > such that lim^^oo /i n = 0, and lim^^oo Dy{x, h n ) exists, we can find 
a subsequence {h nk } C {a(x,l, h' n )—x}. Therefore, linin^oo Dy(x, h n ) = lim^oo Dy (x , h nk ) = 
limyj^oo Dy(x, a(x, 0, h' n ) — x). It follows by (|3.38|) and (|3.39|) that 



maxjl— lim Dy(x,h n ), lim Dy(x, h n )(p + rxl{x > 0} + axl{x < 0}) 

L n— >oo n— loo 

-(\ + 5)V{x)+ " V(x-y)dF(y)} < 0. (3.40) 



o 



For any sequence {h n } with h n < such that mm^oo /i n = 0, and \\m n ^ 00 Dy{x,h n ) 
exists, by repeating the above argument by replacing all x there by x — c(x, /, h) (i.e., condi- 
tioning on the initial reserve Rq = x — c(x, I, h)), where 



. , f x(l - e~ rh ) + (p - I) f n fc e- p *)ds a; > and I > or x = and < I < p 

C { X I it I — / 

[ x(l - e~ ah ) + (p-l) e~ a ^ds -g < x < and I > or x = and I > p, 



and noticing that a(x — c{x, I, h),l, h) = x, we can show that ()3.40p is also true. □ 

Next we will show that the value function V(x) is the unique nonnegative, nondecreasing 
and locally Lipschitz continuous viscosity solution of (|3.7p satisfying a linear growth condition 
and the boundary condition V(— ^) = 0. We start with the following comparison principle. 

Lemma 3.5 Let u(x) and u(x) be a nonnegative viscosity super-solution and sub-solution, 
respectively. Assume that for both u = u(x) andu(x), the function u is continuous on [— ^,oo) 
and locally Lipschitz continuous on (— — ,oo), and satisfies u(——) = and u(x) < c\x + C2 
for some constants c\ and C2 ■ Then u(x) < u(x) for all x > — ^. 

From Theorem 13. 11 Theorem 13.31 and Theorem l3.4l we know that the value function V(x) 
is a nondecreasing and nonnegative viscosity solution of the HJB equation (|3.7p that is locally 
Lipschitz continuous on (— ^, oo), satisfies a linear growth condition, and fulfills the boundary 
condition V{— ^) = 0. Consider any other viscosity solution W(x) of (|3.7p that fulfils the 
same conditions. Since V(x) is also a super-solution and and W(x) is also a sub-solution, 
by Lemma 13.81 we conclude that V(x) > M^(x) for all x > — ^. This leads to the following 
theorem stating the uniqueness of the value function as a viscosity solution of 



Theorem 3.6 The value function V(x) is the unique nondecreasing and nonnegative vis- 
cosity solution of the HJB equation (j3.7j) that 

i) is locally Lipschitz on (— ^,oo), 

ii) satisfies a linear growth condition, and 
Hi) fulfills the boundary condition V{— ^) = 0. 

As an immediate result of Lemma 13.81 we arrive at the Verification Theorem as follows. 



Theorem 3.7 For any strategy L E n, if Vl is an locally Lipshcitz continuous viscosity 
super- solution of HJB equation ()3.7j) . then Vl = V, i-e. L is an optimal dividend strategy. 

Proof. Obviously, Vl is nonnegative and nondecreasing and Vl{— = 0. Since Vl < V, 
it is true that Vl also satisfies the linear growth condition. Therefore, by Lemma [3.8l we know 
that V L > V. Consequently, V L = V. □ 
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Lemma 3.8 Let u{x) and u(x) be a viscosity super- solution and sub-solution of the HJB 
equation (|3.7p on [60,00), respectively. Assume that for both u = u(x) andu(x), the function 
u is continuous on [60,00) and satisfies u{x) < c\x + c% for some constants c\ and c%. If 
u(6o) < u(bo), then u(x) < u(x) for all x > 60. 

The proof is in Appendix. 

Remark 3.2 By Lemma \3.8\ it is obvious that for any given constant c, there is at most 
one viscosity solution, u, of the equation (|3.Tj) on [60,00) that satisfies the initial condition 
u (bo) = c and the linear growth condition. 

Lemma 3.9 Let Ii x be the set of admissible strategies such that the controlled reserve Rt is 
less than or equal to x for all t > 0. If for some x > 0, u{x) is a nonnegative, nondecreasing 
and locally Lipshcitz continuous super- solution of the HJB equation (|3.7p on (— ^,x), then 
u(x) > sup L€U _V L (x) for allx e[-£,x). 

Proof. i) We can prove this by showing that for any dividend strategy L G H.^, Vl(x) < 
u(x) for x G 



For any continuous super-solution u of the HJB equation (|3.7p on 
(— ^,x), consider a function v(x) with v{x) = for x < — ^ v(x) = u{x) for x G [— 
and v(x) = u(x) for x > x. Consider a sequence of nonnegative functions v n (x) = v(x — 
y)n(j)(ny)dy for x € [— where <f>{x) is a nonnegative, even and continuously differentiable 
function with its support included in (—1, 1) such that 4>(x)ds = 1. It can be seen that 
v n (x) is nonnegative and nondecreasing, and satisfies 



p _ 

» n m < u(x), for x G [ ,x] 

a 



(3.41) 



Using the standard techniques in real analysis (eg IWheeden and Zvgmundl (|1977l )). we can 
show that v n is continuously differentiable on [— ^,x], 

converges to u(x) uniformly on [ and (3.42) 

v' n (x) converges to u'(x) almost everywhere. (3.43) 

Noting from Definition [3J] (ii), 1 < u'(x) < p+rxI { x ^l axI { x< Q\ u{x) for x such that u'{x) 
exists, we can obtain 



1 < v n (x) for x G 



, x . 



a 



(3.44) 



From now on in the proof of this lemma, we assume x € [— ^-,x). By setting u and r in 
(|3.14p to be v n and t At, respectively, and then taking expectation, we obtain 



E x [v n (R tAT )e- s( - tAT ^] < v n {x) + E, 



iAT 



-5s , 









)ds 


— E x 


/ e~ Ss dL s 






Jo 



(3.45) 



Notice that under any strategy L E Tl x the controlled reserve is below or at x. Then by 
j— R - + — 

()3.4ip we have J a v n (R s - — y)dF{y) < u(x). Further note that p + rR s -I{R s - > 
0} + aR s -I{R s - < 0} > for x G [0,T]. Hence, by using (JSSD, (I3T4TT) . §2M), the monotone 
convergence and the dominated convergence we can obtain 



lim E, 



TAt 



e- Ss £ Vn (R s ^)ds] 



E, 



e- 5s C Vn {R s .)ds 



(3.46) 



Letting t — > 00 on both sides of ()3.45p and then using ()3.46p . the dominated convergence and 
the monotone convergence yields 



< vjx) + E X 



e- Ss £ Vn (R s -)ds 



V L {x). 



(3.47) 
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Since under any strategy L G 11^, the controlled reserve R s - < x, by (|3.42p and (|3.43|) 
it can be shown that C Vn (R s ^) — > £«(i? s _) a.e. — P. Using this and Fatou's Lemma, 
taking limsup n _ >oc on (|3,47|) yields < u(x) + E a 
a super-solution, so Cu{R s -) < a.e. — P. Then it fol 
V{x) = sup Len _ V L (x) < u(x). 



/ e- Ss Cu(R s -)ds - V L {x). As u is 

ows that Vl{x) < u(x). Consequently, 

□ 



Define an operator Q by 

Gu{x) = p + rxl{x > 0} + axl{x < 0} — (A + 5)u(x) 

+A / u(x-y)dF(y). (3.48) 
J o 

Theorem 3.10 If for some x G (— f,oo), £/y(x) = 0, then V(x) = sup ign _ Vl(x) on 
[—2-,x\, where Tlx is defined same as in Lemma \S. 91 

Theorem 3.11 Let U x be defined same as in Lemma \3.9\ If there exists an x G (— ^,oo) 
such that V'(x) = 1, then V{x) = sup Lgn _ Vl(x) for x G [— 

As an immediate consequence of Theorem l3,9l Theorem 13 . 101 and Theorem [XTTJ we obtain 
the following theorem. 

Theorem 3.12 If for some x > — £ with either Qv(x) = or V'(x) = 1, then for any 
nonnegative, nondecreasing and locally Lipschitz continuous super- solution u(x) of the HJB 
equation (|3.7p on (— ^,x] which satisfies u(x) < c\ + C2X for some constants c\ and C2, and 
the boundary condition u(——) = 0, we have u(x) > V(x) on (— — ,x]. Furthermore, if for 
some strategy L G Tl x the function Vi is an absolutely continuous super- solution to the HJB 
equation (|3.7p on (— ^,x], then V(x) = Vl(x) for all x G (— ^,x]. 

For any y > — £ define G y {x) = V(x) if x < y and G y (x) = V{y) + x — y if x > y. 

Theorem 3.13 i) If G y is a super- solution to the HJB equation (|3.7|) on (y,oo), then 
G y = V on [-£,co). 

H) If f or some x > — — with either Qv(x) = or V'(x) = 1, and for some y < x, G y is a 
super- solution of the HJB equation (|3.7p on (y,x], then G y {x) = V(x) on [—^,x]. 

Proof. First we show that G y is a viscosity super-solution to the HJB equation (j3.7|) on 
(— ^,yj- For any fixed x G [— ^,y], let be any continuously differentiable function with 
(p(x) = G y (x) and G y — (j) reaches minimum at x. Then by Remark 13.1 1 ii) we obtain 

G v (x) — G v (x — h) , „ . . ,,, . , G v (x + h) — G y (x) , , . 
limsup^^ '- < lim D v (x, a(x, h' ) - x) <liminf^ f ^A(3.49) 

/j^0 h n->oo hlO h 

Notice that limsu P/lt0 G y^~ G v^ = limsup^ v ^)-V(x-h) and th&t liminf ^ o v y (x+h)-v y {x) 
equals liminf/40 Gy( - x+h j i jf x £ an( j equals 1 if x = y. As a result, using (|3.49p 

and liminf^o ^±^^ > 1 yields limsup^ ^-V^k) < ^ < v {x+h )-V( x ) ^ 

which by Remark 13.11 ii) again implies that V — (j) reaches minimum at x. Since V is a vis- 
cosity super-solution of (|3.7p . we have max{l — (j)'(x), Cy,(j,(x)} < 0. Hence, by noticing 
£vA x ) = £g«A x ) for x G ("a.2/1. we have max{l - <j)'(x),C Gy:4 ,{x)} < for x G {~,y\. 
Consequently, G y is a viscosity super-solution on (— ^,y]. 

i) If G y is a viscosity super-solution on (y,oo), then it is a super-solution on (— ^,oo). Also 
note that G y satisfies the linear growth condition. Then by Theorem 13.91 i). we have G y > V 
on (— ^,oo). Noticing that G y < V, therefore, G y = V on [— ^,oo). 

ii) If G y is a viscosity super-solution on (y,x], then it is a super-solution on (— ^-,x]. By 
Theorem I3.12| we have G y > V on (— ^,x]. Noticing by definition that G y < V, therefore, 
G y = V on (-2,x]. ' „ ^ ^ 
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4 The optimal dividend strategy 



In this section, we show that there exists an optimal dividend strategy and the optimal 
strategy is a band strategy, that is, the optimal strategy at any time is to pay no dividends, 
pay out at a rate same as the premium incoming rate or a positive lump sum, depending 
on the current reserve at that time. We also show that under certain condition, when the 
reserve is negative, the optimal strategy is to pay no dividends. 
We start with the following definition for three sets. 

Definition 4.1 Define A = {x e [-f,oo) : Qv{x) = 0}, B = {x € [-|,oo) : V'(x) = 
1 and g v {x) <0}, and C = {AVJ /3) c . 

The sets defined above will play a crucial role in proving the existence of and characterizing 
the optimal dividend strategy, we can prove the following useful properties of these sets. 

Lemma 4.1 The following properties hold. 

(a) A is nonempty and closed. 

(b) B is nonempty and left-open. And there exists a y such that (y, oo) C B. 

(c) If (xq,x\\ C B and xo ^ B, then xo € A. 

(d) C is right-open. 

Based on the above three sets and their characteristics, we define the following dividend 
strategy, which will be shown to be the optimal one. 

Definition 4.2 Let L* be a dividend strategy defined as follows: 

(a) If Rfl £ A, the insurer pays out dividends at the same rate as the premium incoming 
rate, i.e. 

dL* = (p + rR^ll{R^l > 0} + aR^ll{R^l < 0}) dt if r£* € A. 

(b) If Rp_ £ B, then by Lemma \4-1\ (c) there exists an xo £ A with xo < R%L such that 
(xo,Rf_] C B. At time t, the insurer pays out a lump sum R\_ — xo as dividends, ie 

LI - L%_ = Rfl - x if Rtl 6 B, where x = inf{x : (x, B£*] C B}. 

(c) If R^l € C, then the insurer pays out no dividends at the moment. 

In the following, we prove that the strategy L* constructed above is an optimal dividend 
strategy. 

Theorem 4.2 The strategy L* defined in Definition ^. S\ is optimal, i.e. V{x) = Vl*{x) for 
all x > 

— a 

Proof. By Lemma l4.1l it follows that there exists some x = inf{x : (x, oo) C B}. 

Let H be a set of continuous functions / : [— oo) — > [0, oo) with /(x) = x — x + f(x) 
for x > x. 

Define the distance p(/i,/2) = max 3;> _p |/i(x) — f2(x)\ for /i,/2 £ H- 
Define an operator / as follows: 



T/(X) = E 



/ \- Ss dL* s + e- SS if(R£] 
Jo 



(4.50) 



Noting that for any x > x, we have (x, oo) C B and x G A , by using Definition 14.2( b) with 
xo = x and (|4.50p we get 

7/(x) = x — x + 7/(x) for x > x. (4-51) 
As a result, 7/ £ % for any / £ H. Note that 

\T h (x)-T f2 (x)\ = \E x [e- ss ^h{R L s [)-f 2 (R L s [))]\ 

< xt^p(/i»/ 2 ), 
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where the last inequality follows by the fact that Si is an exponential random variable with 
mean j. Therefore, T is a contraction on H and thus has a unique fixed point in %. 

According to the structure of L* (Definition I4.2p . we can see that the process L* is 
a Markov process and therefore the controlled reserve process under L* is also a Markov 
process. By the Markov property and (|4.50p . it is obvious that Vl* is a fixed point of T in 
%. So to prove V = Vl* it is sufficient to show that V G T~L and V is also a fixed point of T ■ 

Obviously, V £ [0, oo). Moreover, since (x,oo) C B, then V'(x) = 1 for all x > x. As a 
result, V(x) = V(x) + x — x for all x > x. Consequently, we can conclude that V £ H. 

Assume x G A. By the definition of L* , we can see that given Rq = x, dL^ = (p+rxl{x > 
0} + axl{x < 0})di for all time t before the arrival S\ of the first claim. Therefore, by (|4.50p 
we obtain that 

rSi 

T v {x) = E x [ (p + rxl{x>0} + axl{x <0})e- Ss ds + e' SSl V(x-Ui)] 

(P + L{, > o} + «/^<w + r Xe -M e - stAt r+- v(x _ y)AF(y) 

Jo Jo 



\ + 5 

(p + rxl{x > 0} + axl{x < 0}) + A Jq + " V(x - y)dF(y) 



for x £ A. (4.52) 



X + 5 

It follows by (|4.52|) and the equality Qv{x) = for x G A that 

T v (x) = V(x) for x £ A. (4.53) 

For any x £ B, we can find an xq < x such that (xq, x] C B and xq £ A, which implies 
V'(y) = 1 for y £ (xo,x\. Therefore, V(x) = x — xq + V(xq). By the definition of L* , we 
know that a lump sum of x — xq will be paid out as dividends immediately. Then it follows 
from (jCTD and (jCTD that 

Tv{x) = x — xo + Tv{xo) = x — xq + V{xq) = V(x) for x £ B. (4.54) 

Now we look at the case x £ C. Since C is right open, there exists an x\ such that 
(x,xi) C C and x% ^ C. As B is left open, so x\ £ A. By the definition for L* we know 
that given the initial reserve Rq = x, the insurance company pays out no dividends until the 
reserve reaches x\ or the arrival (Si) of the first claim. Consider a function a(-) which satisfies 
da(t) = {p + ra(t)I{a(t) > 0} + aa(t)I{a(t) < 0}) dt and a(0) = x. Recall that to(x,xi) is 
the time it will take for this dynamics to reach x\. It can be seen that given Rq = x, Rt = a(t) 
for all x < S\ A to(x,xi), and i?5 a = a(S'i) — C7]_ if 5i < ^(^^l)- 

By Markov property it follows that for any t > 0, 



7}(x) = E x 



/ * e- s 'dL* a + e- SSl f(Rg);S 1 <t 
Jo 

[ e~ Ss dL* + e~ 5t T f {R^ );5i > 4 



(4.55) 



By setting t and / in (|4.55p by to(x, a^i) and V, respectively, and by noting Tv{xi) = V(x\) 
because x\ £ A, it follows that 



Tv(x) = E x 



e- 5s 'V(a(Si) - Ui)I{Si < t (x, xi)} + e^ x ^T v (xi)I{Si > t (x,xi)} 
Xe~ xt e- 5t dt " V{a(t) -y)dF(y) + e- ix+s)t0 ^ xl '>V(xi). (4.56) 



o 



Let D = {x > : V'(x) exists } and t £ V := {y : a(y) £ V}. As V(a:) is differentiable 
almost everywhere, the Lebesgue measure of T> c is 0. Noting that V(a(t)) is differentiable for 
a(t) £ V, the complement of T> has a zero Lebesgue measure, too. 
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Notice that for any y such that V'(y) exists we have 

(p + ryl{y > 0} + ayl{y < 0})V(y) - (A + 5)V(y) + A T +Q V(y - z)dF(z) = 0. 

Jo 

(4.57) 

It follows from (|4T56|) and (^57]) that 

T v (x) = [_ e~( A+ ^((A + <5)y(a(t)) 

j©n(o,t (x,xi)) y 

- (p + ra{t)I{a{t) > 0} + aa{t)I{a{t) < 0}) F'(a(t)) J dt 
d(e-( x+S)t V{a(t)) + e -( A + 5 )*o(^i )V( X1 ) 

vn{o,t (x,xi)) 

= - e -^ +4 5*°^' sl V(xi) + e -( A + 5 )*o^^i)y( Xl ) 

= V(aj), forxeC. (4.58) 

Combining ()4.53p . ()4.54p and (|4.58p shows that V(-) is a fixed point of T. This completes 
the proof. □ 

Now we have shown that like the Cramer-Lundberg cases respectively with and without 
interest, the optimal strategy is also a band strategy in the absolute ruin case. Intuitively, 
we would think that under the optimal strategy, there should be no dividends if the company 
is in deficit. In the following we will prove this rigorously. 

Lemma 4.3 For any fixed xq G (— £,oo), there exists a unique in (xq,oo) differentiable, 
strictly increasing and positive solution u on [xq,oo) to the equation 

= (p + rxl{x > 0} + axl{x < 0})u'(x) — (A + 5)u(x) 

rx-xo r x +a 
+A / u(x - y)dF(y) + A / V(x - y)dF(y) (4.59) 

JO J X — XQ 

with boundary condition u(xo) = V{xq). 

Proof. First we show that there is a such solution on {xq,x$ + h) for h = p+c ^°^ <5 ° <0 -^ . 
Let H[xo, Xo+h) denote the set of continuous, increasing and positive functions on [xq, xq + K). 
Define an operator T that for any u € H[xq, xq + h), 

rr ( x r ( A + 6 )< s ) - A /o ~ X ° u ( s - y) dF (y) ~ A C I v (s - y)dF(y) 

Tu\X)= I 77 ; 77 7^ ds + V (Xn .(4.60 

y ' J xo p + rsl{s > 0} + asI{s < 0} v M ' 

We will show that T is a contraction on H[xo, xq + h). 

For any u € H[xo,xo + /i), as both u and are increasing and u(x ) = V(xq), we get 

X u(x- y)dF{y) + A / V(x - y)dF{y) 

Jo J x—xq 

rx-x Q f x +a 

< A / u(x)dF{y) + A / u{x)dF{y) < Xu(x). 

Jo J x—xq 
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Define ||u|| = sup ^ [x ,x +h) H x )\- 

It follows by ()4.60p that for any x € [xo, xq + h) and u\,U2 £ %[xq, xq + h), 

<~ , , ~(\\ <r f X ( A + *)H"i - u *\\ X x°o +h + U2\\ x x ° +h A 

\T Ul {x) ~ T U2 (x)\ < / ° f , ds 

Jxo P + rsl{s > 0} + asl{s < 0} 



p + ax I{x <0} ~^ lUl 2]lxo 



Therefore, T is a contraction on H[xo,Xo + e). As a result, there exists a unique u £ 
■H[xo,xo + e) such that tt(x) = T u {x), i.e., 



(A + 5)u(s) - X f_y* u(s - y)dF(y) - X V(s - y)dF(y) ^ 
p + rsl{s > 0} + asl{s < 0} 

which implies 

( A + 5)u{x) _ A fj~* ° u(g _ y)dF (y) - A ff+j V (x - y)dF(y) 



u'(x) 



p + rxl{x > 0} + axl{x < 0} 

for x € [xo , xq + /i) • 



This completes the proof of the existence and uniqueness of an positive, increasing and differ- 
entiable solution to (6) on [xo,xo + h). 

Similarly, we can prove the existence and uniqueness of a solution to (6) on [xo+h, xo+2/i) 
fulfilling the required properties. Repeating the above process, we can prove the existence of 
a unique solution to (6) on [xq,oo), which is differentiable, increasing and positive. □ 



Theorem 4.4 (i) For any x £ A, V(x) is differentiable and V'(x) = 1. 

(ii) For any (xo,xi) C C, V(x) is differentiable on (xo,xi), and V'{x) > 1 for x £ (xo,xi). 

Proof. (i) Consider any x E A. Choose sequences > and h~ < with lim^-^oo = 
0, such that lim^oo v ^+ht)-V(x) = ^ g MzZM and i inWoo ^g-VW = 

limsup ht0 v ^+ h )~ v ^) , As x € A, Qv{x) = 0. Then it follows by $EE§ and Theorem S3] (ii) 
that limn-^oo Dy(x, h^) < 1, which implies 

V(x + h)-V(x) , , F(x + /i)-y(x) 
limsup— - £ — <1 and limsup— - £ — < 1. 

As liminf/j^.o Ki£tMzZW > i ; we conclude that lim/,^. Klg±Mz]£w = i 

(ii) Use proof by contradiction. Note that for any x E C n (— §,0), if V(x) is differentiable, 

then = (p + rx/{x > 0} + ax/{x < 0})V'(x) - (X + 5)V(x) + X f a V(x-y)dF(y), which 
can be rewritten as 

rx—xo 

= (p + rx/{x > 0} + ax/{x < 0})V 7 (x) - (A + <5)F(x) + A / V(x - y)dF(y) 

Jo 

+A / +Q V(x-y)dF(y). (4.61) 

J X — XQ 

Then by (|4.6ip and Lemma 14.31 we conclude that V{x) is equal to the unique solution of 
(|4.59p on (xo,xo + h) and therefore is differentiable on (xo,xi). 

By Theorem [321 we know that for any x E C, if V'(x) exists, then V'(x) > 1. By the 
definition of the set C, we know that V'(x), if exists, can not be 1. If V'(x) = 1, then x 
belongs to either A or B. Therefore, V'(x) ^ 1 for all x 6 (xq,xi). □ 



19 



Theorem 4.5 Assume a > A + 5. The following statements hold. 

(i) Ad (—^,0) consists of isolated points only. 

(ii) For any xq G A H (—^,0), we can find an h > such that (xo, xo + h) C B. 
(m)Bn(-Z, O) = 0. 

Proof. Consider any xi and X2 with — — < xi < X2 < and [xi,X2) C .4 such that V(x) 
is differentiable on [xi,X2), V'{x\) = 1 and 

(p + ax)V'(x) = (\ + 8)V(x) - A / ° U(x-y)dF(y) for x G [xi,x 2 ). (4.62) 

By setting x in the above equality to be x% and x\ + e, respectively, and using the newly 
obtained equations, we can obtain that for any e G (0, xi — x\), 

(p + axi){V'{xi + e) - U'(xi)) 

e 

= -aV^ai + e) + (A + <5) + ^ ~ - AJ(ai, e), (4.63) 

where J(x 1)£ ) = ^-^>-/n 1+ * K^l^k) . 

By noticing that V'(xi) = l,F'(xi + e) > 1, I(x 1} e) > and A + 5 < a, from (|4T63j) we 
obtain (p + axi) V ' (a:i+ ^~ V,(3;i) < -a + (A + <5)(1 + ^) < for small e. As a result, 

V'(xi + e) < ^'(xi) = 1 for e (e > 0) small enough. (4.64) 

(i) Use proof by contradiction. Assume that xo € A Pi (—^,0) and it is not isolated. Then, 
as A is closed, we can find an h > such that either [xq, xo + h] C A or [xo, xo + h] C ^4. Use 
[xi , X2] to denote [xo — h, xq] if [x^ — h, xq] C A, and [xo — h, xq] , otherwise. Then [xi , X2] C A. 
It follows by Theorem H3 (i) that 

V'{x) = 1 for x € [xi,x 2 ]. (4.65) 

Therefore, according to the definition for .A, we have Cy(x) = Qv{x) = for all x € [xi,X2], 

which is equivalent to (p + ax)U'(x) = (A + 5)V(x) — A J Q U(x — y)dF(y) for x G [xi, X2]. 
Then by (|4.64p it follows that V(x\ + e) < V'{x\) = 1 for small positive e, which is a 
contradiction to (|4.65|) . 

(ii) Assume that there exists an xo € A n (— ^, 0), such that we can find an h > satisfying 
(xo, xo + /i) ^ B. Then (xo, xo + h) C C, because A consists of isolated points only and both 
B and C are half open. Hence, it follows by Theorem 14.41 (ii) that V(x) is differentiable on 
(xo,xo + h) and V'(x) > 1 for x £ (xo,xo + /i). Hence, V is a solution to the HJB equation 
(|3,7p and therefore, (|4.62p holds for x € (xo,xo + h). As xo G A, we have U'(xo) = 1, which 
along with the definition for A implies that (|4.62p also holds for x = xo- Then by setting x\ 
and X2 in ()4.64p as xo and xo + h, respectively, it follows that U'(xo + e) < V'{xq) = 1 for 
small positive e, which is a contradiction to the fact that V'(xq + s) > 1. 

(iii) Assume B PI (— ^,0) 7^ <j>. Then there exist xo and xi, such that — ^ < xo < xi < 0, 
[xo,xi) C B and xo G .4. Therefore, by Theorem 14.41 (i) and the definition for B, we get 
V'(x) = 1 for x G [xo,xi), which implies V(x) = x — xo + U(xo) for x G [xo,xi). Note that 
Qv( x o) = 0. Then for x G (xo,xi), 

9v{x) = Qv{x)-Qv{xq) 



= a(x - x ) - (A + 5){x - x ) + A / V(x - y)dF(y) - A / U(x - y)dF(y) 

Jo Jo 

> 0, (4.66) 

where the last inequality follows by a > A + 5 and the fact that V is nonnegative and increas- 
ing. Since x G (xq,xi) C B, we have Qy{x) < 0, which contradicts the inequality (|4.66p . □ 
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Theorem 4.6 Ifa> \ + 8, (-£,0) C C. 
Proof. By Theorem 14.51 (iii). it follows that 

(--,O)nB = 0. (4.67) 
a 

So it is sufficient to show that (— ^,0) fl A = 0. If this is not true, then we can find 
an xq G A fl (— q,0). By Theorem 14.51 it follows that there exist an h > such that 
(xo, ^0 + M C £>, which contradicts (|4.67p by noting xo + ^ € (— ^ , 0) for small h > 0. □ 

Remark 4.1 Theorem \4-S\ and Theorem together imply that if a > A + <5 ; under the 
optimal strategy L* the company will pay no dividends when the reserve is negative. In other 
words, if a > A + 5 it is optimal to pay no dividends when the reserve is negative. 

5 Conclusion 

We studied the dividend optimization problem of an insurance corporation, of which the sur- 
plus is modeled by a compound Poisson model with credit and debit interest. The company 
earns interest when the reserve is positive, and can refinance to settle its claims when the 
reserve is negative but above the critical level. The company controls the dividend pay-out 
dynamically and seeks to maximize the expected total discounted dividends until ruin. We 
proved that the value function is the unique viscosity solution satisfying certain conditions of 
the associated Hamilton-Jacob-Bellman equation, that the optimal strategy is a band strat- 
egy, and that it is optimal to pay no dividends when the reserve is negative. This result 
provides theoretical justification to the regulation of no dividend payments when the surplus 
is in deficit. 
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APPENDIX 

In this appendix, we present the proofs to Lemma 13. 8\ Theorem 13.101 Theorem 13.111 and 
Lemma 14.11 

Proof of Lemma 13.81 We employ a proof by contradiction. 

Assume that there exists a xq € (— oo) such that u(xo) > u{xq). 
For any constant 7 > 0, define functions for x > — — , 

u,y(x) = e~ lx u{x) and u^(x) = e~^ x u(x). 

By the fact that both the functions u and u are locally Lipschitz continuous and bounded by 
a linear function, it can be easily shown that u^(x) and u^(x) are both bounded and Lipschitz 
continuous on (— — , 00), too, which implies that there exists some constant m > such that 

— ■ ■ < m and — ■ ■ < m tor x,y G ( ,00). (A-1) 

v — x y — x a 
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For p > 0, consider a function (f> p : [— £ oo) x [— ^, oo) — > E given by 

M x > y) = ^( x ) - *h(v) - S( x - yf - —( — 2m \2 T • ( A ~ 2 ) 

' 2 /r (y — xj z + p 

Note that we can find a 71 > such that u^(xq) — u 7 (xo) > for all 7 G (0,71], and that 
m(~ „) = = and lini2._j.00 u 7 (x) = lim :r _ KX) : u 7 (x) = 0. Then we can define 

M= max (« 7 (x) — u 7 (x)) and M p = max (j) p (x,y). (A-3) 

x> — — x,y> — — 

Then < M < 00 and M has a maximizer denoted by x*, and M p also has a maximizer, 
denoted by (x p ,y p ) here. 
Noting that 

M p >^ p {x\x*)=M- — , (A-4) 

then it follows that 

lim inf M p > M > 0. (A-5) 

p— >oo 

Let (/3 n )nGN be a sequence tending to 00 as n — > 00 such that (x Pn ,y Pn ) converges as 
n — > 00. Use to denote the limit of (x Pn ,y Pn ) as n — > 00. We will show in the following 

that 

x = y. (A-6) 
If this is not true, then \x — y\ > 0. By noticing 

M Pn = u (x p J - u^{y Pn ) - ^(x Pn - y Pn f - — 2m . 2 — , (A-7) 

2 Pn\Vpn - x pJ +Pn 

lim n _ >00 u 7 (x Pn ) = n 7 (x) and lim n _^oo u-y(y Pn ) = u 7 (y), we obtain 

lim M Pn = u Jx) - u y (y) - lim "~*°° Pn (x - yf = -co, 

which is a contradiction to ()A-5|) . 

Next, we show that for any constant x > — ^ with u^(x) < u 7 (x), 

x = y^x. (A-8) 

We use proof by contradiction again. Suppose x = y = x. Then for any e' > we can 
find an 5' > such that « 7 (x) — u 7 (x) < e for all x satisfying \x — _| < 8'. Note that 
lim n _>. 00 _p n = limn-^oo y Pn = x = x. Hence, there exists an N' > such that for all n> N', 
\x Pn ~x\ < 8' and \y Pn - x\ < 8'. Therefore, M Pn = <t> Pn (x Pn ,y Pn ) < u^XpJ -u 7 (y Pn ) < e'. 
Consequently, lim sup n _ >00 M Pn < 0, which contradicts (|A-5|> . 

Noting that u[— ^) = _(— ^) = 0. By (|A-8|) . we can conclude immediately that 

x = y j^z x. (A-9) 

By observing that 

2m 



lim (f) p (x, y) = lim ( u Jx) - Uj(y) - ~(x - yf 

y^Kx> y—toc \ ' 2 



-co, 



y^oo ' s->oo \^ 7 2 p 2 (y — x) 2 + p / 

we conclude that 

y < co. (A-10) 
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Combining (fA"^6|) . (|X^9|) and d^TOj) yields 5 = y G (-g,oo). 

As x Pn and y Pn converge to x and y, respectively, we can find an Aq such that for all 
n > Ni, 

x Pn , V Pn G (-->°°)- ( A " n ) 
Now we introduce two more functions 

C p (x) = n 7 (x p ) + Ux - y p f + — 2m + (p p (x p ,y p ), 

2 r P\Vp- x) z + p 

and 

<Pp(v) = M 7 (2/p) - 7;{x P - yf - (Pp{x p ,y p ). 

1 2 P\x p - yy + p 

It can be easily shown that for all n> N\, Cp„ an d (f P „ are both continuously differentiate. 
Furthermore, (x) - ( Pn (x) = (f> Pn (x, y Pn ) - (f> Pn (x Pn , y Pn ) attains its maximum at x Pn , and 
%(y) - Vpniv) = -4>p n (x Pn ,y) + 4>p n (xp n ,y Pn ) reaches its minimum at y Pn . Since u and 
u are respectively viscosity sub and super-solutions of ()3.7p . by the definition for viscosity 
solutions we can see that u and w 7 are respectively viscosity sub and super-solutions of the 
following equation 

max |1 — e lx (ju(x) + u'(x)), (p + rxl{x > 0} + axl{x < 0}) x 

(ju(x) + u\x)) - (A + 5)u{x) + A f + " u{x- y) e -~< y dF(y)} = 0. 

Jo 

Therefore, by Definition 13.21 we can obtain that for n > i\q, 

max {1 - e 7 ^™ (7%(z P J + C Pn {x Pn )), (p + rx p J{x Pn > 0} + ax p J{x Pn < 0}) x 

(72£ 7 0%J + C(^pJ) - (A + % 7 (^J + A [ XP " +a u^(x Pn - y) e -^dF(y)} > 0, 

Jo 

(A-12) 

and 

max{l-e 7 ^(7M 7 (y p , l ) + ^ n (y p J),(p + ry Pn /{y Pn > 0} + ay p J{y Pn < 0}) x 
(7^7(^) + OpJ) - (A + 5)%(y P J + A / n 7 (y Pn - y) e -^dF(y)} < 0. 



o 



(A-13) 



Use B\ , B2 to represent the first and second terms in the curly brackets on the left-hand side 
of (|A-12j) . respectively, and D%, D2 to represent the first and second terms on the left-hand 
side of (|A-13p . respectively. Then max{£>i, B2} > > max{Di, Z^}- So at least one of the 
inequalities B\ > D\ and Bi > D2 holds. 

(i) First, assume that Bi > D2 is true. Noticing that 

OpJ = v' Pn (y Pn ) = Pn(x Pn - y Pn ) + - M ^""^ 1 , 2 , (A-14) 

{Pn{y Pn Xp n ) + 1J 
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by substitutions for £' (x Pn ) and ip' Pn (y Pn ) by (|A-14|) , it follows immediately that 
(P + ry P J{y Pn > 0} + ay Pn I{y Pn < 0}) x 



- (p + ™ Pn /{x Pn > 0} + ax p J{x Pn < 0}) x 



\ (Pn(y Pn - x Pn ) 2 + lf ) 

+(A + 5) (u 7 (x p J - u^ypj) 

< A(/ u fr (x Pn -y)e-^dF(y)- J u 7 (y Pn - y) e -™dF(y) J . (A-15) 

Notice that <^p n (x Pn , x Pn ) + (p Pn (y Pn , y Pn ) < 2(p Pn (x Pn ,y Pn ), i.e. 

4?71 

« 7 (^Pn) -^7( X Pn) +M 7 (2/p„) ~^ 7 (yPn) ~ — 

Pn 

- 2 ( m -^ j - ^ j - ^ - ypS - ^p„- 2 r pj2+ J • 

Rearranging terms gives 

Pn{x Pn - y Pn ) 2 < u^xpj - u y (y p J + u 1 {x Pn ) -Uj(y Pn ) + 4r "^ x p^> 

Pn\Vp n x p n ) ~r l 



< 2m \y Pn -x Pn \ +4m(y 



Pn X Pn ) ) 

where the last inequality follows by (|A-ip . As a result, 

\y Pn - x Pn \ < -^L_ for Pn >4m. 

As « 7 and Ti 7 are both bounded, taking limits lim„_ s>00 on ()A-15|) yields 

7 (p + rxl{x > 0} + < 0}) (u y (x) — u 7 (x)) 

+ (A + 5)(u 7 (x) - u 7 (x)) 

< A ( f +a (u 7 (x -y)- u 7 (x - y)) e^ y dF{y) ] for 7 > (A-16) 



< AM for 7 G (0,71), (A-17) 

where the last inequality follows from (|A-3p . 

By choosing 7 < min | 2( P +rx\{x>a}) > 7l } > ^ follows immediately from (|A-17|) that 

u 7 (x) - n 7 (S) < -^-M < M. (A-18) 
A + 5 

On the other hand, from (|A-5p we get M < liminf^oo M p < lim ri _ s . 0O M Pn = u^(x) — u 7 (x), 
which contradicts (|A-18p . Consequently, B2 > -D2 does not hold. 

(ii) Now, we look at the case B\ > D%. Then we have 

e^(^(x p J + OpJ) < e^( 7 n 7 (y P J + ^ n (y P J). (A-19) 
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In the rest of the proof we consider x Pn > bo and y Pn > fro only. It follows immediately 
from (jATIl) and flEE} that 



4m 

>2j 1\2 Pfi 



Let A^(e) be a positive integer such that for all n > N^e), p n > 4m. Since (y Pll — x Pn )(e rypn — 
e rXp ") is always nonnegative, then from ()A-20p we can see that for all n > A^(e), 

e^u,(x Pn ) - e^u 7 (y Pn ) < 0. (A-21) 

Recall that x Pn — > x, y Pn — > y and x = y. There exists an integer N^e) such that for all 

n > N 3 (e), 

\e 1Xpn - e 7S | < e, \e 1Vpn - e>*\ < e and |u 7 (x p J - u 7 (y p J| < e. 

Then for n > N 3 (e), we have 

u^x pn )(l-e^)-u,(y pn )(l-e^) 
= UryMO- ~ ^ Pn ) ~ «7(^J(! " e 72/p ") + (frM - u 7 (y Pn ))(l - e™>«) 

< « 7 (^„)(1 " e 7 ^ + e) - u 7 (x p J(l - - e) + e 

< Mll-e^ + ^^J + n.Kj + lK (A-22) 
where the lat inequality follows by (|A-3|) , 

Since the functions and u 7 are bounded, it can be easily shown that 

>0. (A-23) 



SUPa, \u rj (x) + Ury(x) + 1| 

From JI3D, (M}, (H3H), ([A22l) and it follows that for any e < — | g ) +c 7(a . )+1 | 

and n > max{A2(e), Ns(e)}, 

M < M pn + — = n 7 (x p J - u 7 (y p J 

Pn 

= e^ % (x p J - e^«TZ 7 (y p J 

< M(l - e^) + (m 7 (x p J + u 7 (x pn ) + l)e < M, 
which is an contradiction. So B\ > Z?i does not hold. 

Combining (i) and (ii) shows that B\ < D\ and B2 < Di- This is a contraction to the 
fact that at least of the inequalities B\ > D\ and B2 > D2 holds. As a result, u(x) < u{x) 
for all x > — This completes the proof. □ 



Proof of Theorem 13.101 Assume that x G (— ^,x]. 

i) Let Il(n) denote the set of admissible strategies such that if the initial reserve x < x, 
the controlled reserve will always stay below or at x, until the arrival of the nth claim. 

We will show that for any n G N and x 6 (— ^,x], T^(x) = sup Lgri ( n ) Vl{x) by induction. 

Noting that 11(0) = II, we get V(x) = sup ieri ( ) Vl{x). 

Assume that V(x) = sup^gn^.^ Vl(x) for some n > 1. 

Let L^™ -1 ' 1 ) G II(n — 1) be an ^-optimal strategy for the reserve process with the initial 
value x, that is 

0<V(x)-V Lin -i, a) (x)<~. (A-24) 
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Let t denote the first time that the reserve process under strategy L reaches x, and f L 
the arrival time of the next claim occurring after time r . 

Then given the initial reserve x (x < x), we can construct an |-optimal strategy L^ n,x ' € 
IT(n) as follows. Apply the strategy L( n ~ 1 > x ) until the first time the controlled reserve reaches 
x, then pays out dividends at a rate equal to the premium incoming rate to keep the reserve at 
the level x until the arrival of the next claim. After that, we apply the strategy L^ n ~ ^' R t ) 
to the shifted process 0^ L („, X )R- 

Recall that Si and U\ are respectively the arrival time and the amount of the first claim. 
Note that for the case with initial reserve Rq = x, under strategy L^ n,x ^ we have 



T 



Rt = x, dL\ 



(n,x) 



Si, R Sl = (x- IM V (--) and 

a 



(p + rxl{x > 0} + axl{x < 0})dt for t < St. 



Hence, by noticing the fact that ruin will not occur before the arrival of the first claim, i.e. 
T > Si, and that V(— = 0, we obtain that given the initial reserve x, 



(x) 



E, 



+e 



Si 



-SSi 



e (p + rxl{x > 0} + axl{x < 0}) ds 



V^-i^-u^-E)) [{x - U Y ) V (-£) 



1 



x + s 

A 



(p + rxl{x > 0} + axl{x < 0}) 



+- 



Vi 



- y) (x-y)dF(y) 



A + 5 jo 

It follows by ([53SD , dA^24l) . (TQ51) and assumption that G v (x) = that 



(A-25) 



V L( „,x){x) > 



1 



X + 5 
X 



(p + rxl{x > 0} + axl{x < 0}) 



> V(x)- € -. 



(A-26) 



V L (k,x)(x) 



Ex 



-5s 



dL (M) ;r L(^) <r 



- (k,x) 



Note that for any fixed x € [— — , x] and for k = n — 1 and n, we have 

/ii 

+E :E [e^ L<fc, V i(fe ' 3:) < T]V L(k Mx) + E x [e~ 5TL(K ' X> ;r Lik ' x) > T].(A-27) 
From the construction of the strategies, we can see that given the initial reserve x, 

T L^ =T L^) and 4",*) = for s < r ^>->. (A _ 2g) 

By using (|A-27j) for k = n — 1 and n, and (|A-28j) . we obtain 



V L (n-l,x)(x) - V L <n-i, a )(x) = E x . 



(F i( n, S )(x) - V L ( n -i,z)(x)) . 



(A-29) 



Note that by the definition of L^" 1 '^ and (|A^26|) we have 



V(x) > V Lln -i,*)(x) ^ ^(*) - | and ^ Vz>.»)(*) > V(x) - |, (A-30) 
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which implies 



V L ^,s)(x) - V L (n-l,S)(x) > --. 

Combining (fA^24i (lA^29l) and (jA^iTj) gives V L(n , x) (x) > V(x) - e. Therefore, 

V{x) > sup V L {x) > V L(n , x) (x) > V(x) - e. 
Len(n) 

Consequently, letting e — > gives us = sup Lg n(n) for x € [— ^,x]. 

ii) Now we try to find a strategy L € IT^- such that it is e-optimal. 
Noting that V(x) > 0, we can find a t± large enough such that 



(A-31) 



Wix) 

Then for this fixed t±, choose an n large enough such that 

-Ati i \+. \k 



(Ati)* < 



k>n 



k\ 



AV(x) 



(A-32) 



(A-33) 



Define cr^ to be the first time that the controlled reserve process under strategy L reaches 
x after the arrival of the nth claim (S n ). 

Let L( n,x ) be any ^-optimal strategy in II(re) given the initial reserve x. Given the initial 
reserve x, construct an dividend payout strategy L(x) such that the strategy L^ n,x ^ is applied 
before time (J i(n ' a:> ) then at time t = (j Li ~ n ' x) ; a lump sum of x + ^ is paid out immediately, 
and thereafter no dividends will be paid out. 

Then, we have 



E, 



r (n,x) 



e -8s dL (n, X ). a L(^ <T 



[ T e- Ss dL^ x) ;c7 L(n ' x) >T 
Jo 



(A-34) 



Note that for any initial reserve x < x, the strategy L(x) is same as L^ n ' x ^ until both the 
controlled reserve under the former strategy reaches x for the first time, which implies 

L(x) L(".^) , f , \ T (n,x) t , . 

0" w = a and L t (xJ = L\ for i < cr 

Noting that (|A-27p also holds for the strategy L^'^ here, by (|A-34p we get, for x < x, 

V L(x)( X ) ~ V LM( X ) 



E x [e- 5 ^ X) ;a L<ntX> < T\(x + | - V^C*)) 



> -E,[e- 



]^(x) 



(A-35) 



As S n < a L(n ' x) , we have { a L(n ' x) < t x } g {S n < h} C {N(h) > n} for x < x. Therefore, 
for any x < x, 



{a L(n,x) < oo} C {a L{n ' x) > h} U {Nfa) > n}. 



(A-36) 



Then by (IA^32|) and (IA^33l) we have 



E x [e 



-5a L 



(n,x) 



(n,:r) 



;N(h) >n] 



< e~ stl +P(JV(ti) > n) < 



2V(x) 



(A-37) 
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It follows from (f05|) and (fX^37|) that for x € [~%,x] 

V L{x) (x) > V lM ( x )-i> V (x)-e, (A-38) 

where the last inequality is due to the fact that L^ n ' x ^ is an ^-optimal strategy. 
Noting that L(x) £ II^, the above inequality implies 

p 

sup Vl(x) > V(x), x S [ ,x\. 

This concludes the proof. □ 

Proof of Theorem 13 . 1 1 1 It is sufficient to show that for any e > 0, there exists a strategy 
L £ Tlx such that 

V-( x) {x) > V(x) - e for all x € (-£, x]. (A-39) 
For a positive e < 4F(x), define 

A = p + rxl{x > 0} + < 0} ^ 4F(x) _ 4Q 

x n = x — , and h n = —-^ = -^> - 1. (A-41) 

n x n — x 

It can be shown that x n < x and x n —> x. Since V'{x) = 1, we have ]im n -^ O0 h n = 0. 
Moreover, notice 

hm ( r J±±l\ r l{x>0}+ ^±l) a j {s<0} 
rx + p J \ ax + p J 



71— >OC 



exp 



-<JA(e) 



p + rx/{x > 0} + axl{x < 0} J 
Hence we can choose a no such that 



rx + p J \ ax + p 

~ 6XP { p + rx/{x > 0} + ai/{i < 0} } + 4V(x) ' (A-42) 



h no < ^T7^- ( A " 43 ) 



and 

e 

8A(e 

For any x > — ^, let L^ ' 2 ^ be a g^-optimal strategy given the initial reserve x, that is 

V mx) (x)>V(x)-^-. (A-44) 

Let t denote the first time that the controlled reserve process under strategy L reaches 
x starting from an initial reserve below x. 

For x < x, define a sequence of strategies {L^ n ' x ^} n >i recursively as follows: L^ n,x ^ is 
a strategy given the initial reserve x that the insurer pays dividends according to strategy 
j^(n~i,x) un tii the reserve reaches x for the first time (r i(n 1,x) ), pays out a lump sum of 
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, and thereafter employs the strategy L^ n 1 ' Xn o) to the shifted process 



x — x no at time r 

TL (n-l,x)R. 

It can be shown that for all n, t l n ' x = r L ^°' x ^ , 
we have for x E (— ^, x] and n = 1, 2, • • • , 



and L { I l ' x) = Lf' x) for s < t l( °' x) . Then 



E, 



r(0,o;) 



+E a .[e 5ri ; t l(0 ' x) < T] (V^n-i,^) (x no ) + x- x no ) 



+E, 



-{ S(lr (n-^).jM 



(A-45) 



Using (|A-44p for x = x no and x, (|A-45[) for n = 1 and the second equality in (|A-41|) . we get 

\V L (i,x)(x) - V^o.^x)! 

= \E x [e~ SrL ; t l< °' x) <T](x — x„ + V l{0 , x „ ) (x„ ) - V^o.-e) (x)) | 

< |x - x no - V(x) + F(x no )| + V(x no ) - V L ( , Xno )(x no ) + V(x) - V L ( ,x)(x) 

< ^o(---no) + 4<^, (A-46) 



where the last inequality follows by the first equality in (|A-4ip and (|A-43p . 
Therefore, from (|A-45j) we have for x € (— ^,x] and n > 2, 



\V L (n,x)(x) - V L{n -i, x) (x)\ < E x [e~ 



r(0,x) _ 



| V L (n-l,x nQ ) (X n0 ) — V L ( n -2,x nQ ) (a 



< l^r(l^n )(^n ) - K(o, Ino )(x no )| < 



3e 

8n ' 



(A-47) 



Consequently, by (|A-44p and (jA-47j) 



"0 



1^0*0 - Vz>Q,=)(aO| = |U(x) - V^O,*)^) + ^ (Vtfn-l.x) (x) - ^(^(x)) I 

n=l 

e 3e e 

< 1 < -. 

8no 8uq 2 

Define f = inf{£ > : R^ n ° ,x) > x}, where i?^'™ '^ represent the controlled reserve 
process under strategy L^ n °' x \ 

Under strategy L^ n °' x \ in order to exceed x, the controlled reserve process with initial 
reserve x no should go from x„ up to x for at least no times. Note from the dynamics (|2.ip 
that it will take at least to(x no , x) (defined in (|3.3|) 1 for this reserve process to reach x starting 
from x no . Therefore, f > noto(x no , x). Consequently, it follows by (|3.3p (|A-40p . (|A-4ip and 
(|A^42l) that 



E Xn [e~ 5f ] < E[e' Snoto{Xn o^ ] ] < 



2V(x) 



(A-48) 



Next, we construct a strategy L{x) through L^ n °' x ^: pays dividends according to the 
strategy L^ '^ before time f (the time that the reserve process reaches x for the first time), 
pays out a lump sum of x + ^ at time r, and thereafter pays no dividends. 
Then we have 



-Ss 



P 



V L{x) (x) = E x [j e- ds dL s (x);f <T}+E x [e- dT ;f <T](x + ^) 



a 



Jo 



+E X [I e- Ss dL s (x);¥>T\. 



(A-49) 
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Notice that 



V LM {x) = E x [j\- 5s dL^-,f <T]+E x [j T e- Ss dL^;f <T] 

+E X [ / e - &a dL^°^\ f > T], (A-50) 
Jo 



and 



rT 

E X [J e~ Ss dLy°> x ^;f <T] < E[e~ Sf ]V(x). (A-51) 

Since L s (x) = L { ? 0,x) for s < f, it follows from (lA^49t (jX^Ol and (jX3TD that for x € (-£,x], 
?£(*)(*) - Vl(«o.»>(*) > E ffl [e-^] (x + £ - F(x)) > -ExIe-^J^Cx) > -~ 



where the last inequality is due to (|A-48p . 

So L(x) is the desired strategy. □ 



Proof of Lemma 14.11 

(a) Since Ay(x) is continuous in x, A is closed. 

(b) (i) To prove that B is left-open, it is sufficient to show that for any x G B we can find 
an h > such that for any y G (x — h, x), V'(y) < 1. 

Note that V'(x) = 1 for x G B and G' x ^ h (y) = 1, and that p + ry/{y > 0} + ay/{y < 0} 
is increasing in y. Therefore, it follows from f|3.8|) that for any y E (x — h,x), 

C G ^ h {v) < Cv{x)-{\ + 5){V{x)-G x „ h (y)) + 

" G x . h (y - u)dF(u) - / " V(x - u)dF(u) . (A-52) 



Noticing C v (x) < 0, G x _ h (y ) = V (y) for y < x - h, and lim h ^ G x _ h (y) -> F(x) for 
y G (x — /i, x), it follows from (|A-52p that 

£G x „ h (y) < for small h > 0. (A-53) 

This along with the fact that G' x _ h (y) = 1 for y > x — h implies that G x _h is a viscosity 
super-solution to (|3.7|) on (x — h,x]. Then by Theorem 13.131 (ii), we have V{y) = G x _h(y) 
for all y G [— ~,x\. As a result, 

F'(y) = G^Jy) = 1, for y G (x - /i,x]. (A-54) 

Combining (|A-53j) and (|A-54|) implies (x — /i, x] C Therefore, B is left-open. 

(ii) To prove that there exist a y such that (y, oo) C B, it is sufficient to show that we 
can find a large enough y > such that Cc y {x) < for all x > y, because if G y (x) of this 
kind is a super-solution on (y, oo) and therefore V'(x) = G' y (x) = 1 for x > y. 

Noticing that G y (x) is nondecreasing in x, and that G y (x) = x — y+V{y) and V(y)—y > ^ 
for x > y, we obtain that for x > y > 0, 

A?» = p + rx-(A + 5)(G y (x) + A f + * G y {x - y)dF{y) 

Jo 

P 

< p — (5 — r)x — 5y — S— < for large y, 

a 
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where the last inequality follow by noticing 5 > r. 

The existence of y also indicates that B is not empty. 



(c) Noticing that V{-% ) = 0, by the definition of Q fl53SD , we obtain ) = 0, which 

implies £ A. 

Assume that x\ > xq > — (xo,xi] C <B and xo ^ £?• We will show in the following that 
Xq G A 

If V'(xo) = 1, then from the fact that xq ^ B and £y < 0, we know Gv( x o) = 0. 
Therefore, xo & A 

Now assume, on the other hand, V'(xq) 7^ 1. It follows from the fact (xo,xi] C B that 
V'(x) = 1 for all x G (xo,xi], which implies 

Km y W- y ^) = 1. (A-55) 

X — X() 

Define 

it^O X — Xo 

By Lemma 13.21 we know a > 1. We distinguish two cases: 1. a > 1 and 2. a = 1. 
Case 1: Assume a > 1. Then for any 6 with 1 < 6 < a, we have 

hm sup = 1 < < hm ml . 

x|xo X - X xfxo x - x 

Since V is a viscosity sub-solution, by Remark 13.11 (i), it follows that there exists a contin- 
uously differentiable function </> : (——,00) — > M. such that V — <j> reaches a maximum at xo 
with (p'(xo) = b. Therefore, by Definition 13.21 (i) it follows that 

max {1 - b, {p + rx I{x > 0} + ax I{x < 0})6 - (A + 5)V(x ) 
+ A jf V(x - y)dF(y) \ > 0, 

which implies 

(p + rx I{x > 0} + qx /{x < 0})6 - (A + 5)V(x ) + A / V{x - y)dF(y) > 0. 

Jo 

Taking limits b — > 1 gives Gv(%o) > 0. Since Qv{x) is continuous in x and Qy{x) < for 
x G (xo,xi], it can be seen that Gv(%o) = 0) which implies xo G A. 

Case 2: Assume a = 1. then we can find a sequence {h n } with /i n i such that 

hm V{Xo) ~ I {X ° ~ K) = 1. (A-56) 



Define 

V(X ) - V(X - h n ) 

a n = 7 



1, and A n = {x G [0, h n ] : V'{x) exists and V(x) > 1 + 2a n }. 



By Theorem 13.21 we know that a n > 0. 

i) If there exists some n such that a n = 0, then we have 



y(xo) — V(x) = xq — x for x G [xq — h n , xq]- (A-57) 
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Otherwise, if for some x G [xq — h n ,xo], V{x$) — V{x) > xo — x, then 

V(x )-V(x -h n ) = V(x ) - V(x) + V(x) - V(x - h n ) 

> X Q - X + X - (x - h n ) = h n , 

which contradicts the assumption a n = 0. 

As a result of (|A-55p and ()A-57p . we have V'{xq) = 1. Therefore, Qv(xo) > follows by 
noticing xq G B. Notice that Qy(xo) < due to the continuity of Qy. Therefore, Qy(x§) = 0, 
implying xo G A. 

ii) Suppose a n > for all n. Since V(x) is differentiable almost everywhere, and V'(x), if 
exists, is greater than 1, we have 

_ J Q h " V'(x)dx _ J An V'(x)dx + f [0MXAn V'{x)dx 

0"n T 1 — 



> 



h n 

|A n |(l + 2a w ) + (fe ra - Kj 

h n 



where \A n \ denotes the Lebesgue measure of the set A n - It follows from (|A-58p that \A n \ < 
^f- — > 0. Therefore we can find a sequence x n f x$ such that V'(x n ) exist and 1 < V'(x n ) < 
1 + 2a n . Consequently, lim n ^. 0O V'(x n ) = 1. 

If there exists a subsequence {x n j} with x n j t xo such that V (x n j) > 1, then by (|3.7p we 
have Qv(x n j) = 0. This implies x n j € A. Since A is a closed set, we conclude that xo E A. 

Suppose that there is an integer uq > 0, such that for all n > no, V'{x n ) = 1. We will 
show by Proof by Contradiction that Qy (xo) = 0. Assume Qy (xq) < 0. Let n be large enough 
such that 

V(x ) - V(x n ) < -Qy(x )/(X + 6). (A-58) 
Note that V(y) > V(x n ) + y — x n = G Xn (x) for all y > x n . Then for all x € [x u ,xq], 

Q Gxn (x) = P + rxI{x>0} + axI{x <0}-(\ + 5)G Xn (x) + \ [ +a G Xn {x-y)dF(y) 

Jo 

< Qv(x ) + (A + S)(V(x ) - (V(x n ) + x - x n )) 

< Qy(x ) + (X + 5)(V(x )-V(x n )) <0, (A-59) 
where the last inequality follows from (|A-58p , 

Noting that G' Xn (x) = 1 for x > x n and G Xn (x) = V Xn (x) for x G [0, x n ], so by ()A-59p it 
follows C-G Xn (x) = Qc Xn (x) < for all x € [x n , xq\. Therefore G Xn is a viscosity super-solution 
on [x n ,x ]. 

Recalling that Qv(xq) = 0, then by Theorem 13. 131 (ii). we have V(x) = G Xn (x) for x G [0, xq\. 
As a result, V(x) is differentiable at x$ and 

V'(x ) = G' Xn (x ) = l. (A-60) 

Combining ()A-59p and ()A-60p implies xq G which contradicts the fact that xo ^ £?• There- 
fore ^y(^o) > 0. 

Since V is a viscosity super-solution and V'(xo) = 1, from the definition of viscosity super- 
solution we can see that Gv( x o) = £-v{xo) < 0. 
Consequently, Qy(xo) = 0, which implies Xo G A. 

(d) For any x G C, we have Qy(x) < 0. Since ^y(x) is continuous, we can find a e small 
enough such that 

Qy(y) < for all y G [x,x + e). (A-61) 
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If for all y € (x, x + e), y ^ B, then [x, x + e) C C. 

If, on the other hand, there exist an x\ € (x, x + e) such that xi € 23, then we can find 
an xq and xi with xq < x\ such that xo £ A and (xo,xi] C B. As x < xi and x ^ 23, we 
conclude that xo £ (x,xi) C (x,x + e), which along with Qv( x o) = is a contradiction to 
(|A-6ip . This completes the proof. □ 
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